In this paper, we consider a competition system in which two diseases spread by contact. We characterize the system behavior, establishing that only some configurations are possible. In particular, we discover that coexistence of the two strains is not possible, under the assumptions of the model. A number of transcritical bifurcations relates the more relevant system's equilibria. Coexistence via persistent oscillations is shown. Bistability is shown between a situation in which only the disease-unaffected population thrives and another one containing only the second population with endemic disease. An accurate computation of the separating surface of the basins of attraction of these two mutually exclusive equilibria is obtained via novel results in approximation theory. The behavior of the ecosystem in some of the parameter spaces is investigated.
Introduction
In the last 80 years of the past century, a wealth of literature has been devoted to mathematical issues in ecology. Models for interacting populations have been studied to investigate real life situations that range for instance from the management and conservation of wild populations in reserve parks to the microscopic level of cellular interactions and proliferation in cancer research (Brauer and Castillo-Chavez 2001; Malchow et al. 2008; Murray 1989) . On the other hand, the impact of disease transmission on human populations is severe. During the same time span, mathematical means have also been developed to assist epidemiologists in their daily fight against epidemics. The fundamental contribution of mathematical epidemiology to the historical decision of the WHO in 1980 to discontinue on a worldwide basis the vaccination against smallpox officially declaring the disease extinct is not to be underestimated.
Recently, in mathematical epidemiology, more complicated situations than the usual SIRS (Susceptible, Infected, Removed, and Susceptible) models have attracted the attention of researchers. In nature, indeed, it is not unlikely that individuals get infected by more than one disease, in general terms (Castillo-Chavez et al. 1999; Li et al. 2009 ), as well as for the case of specific diseases, such as the dengue fever (Esteva and Vargas 2003) . In particular, tuberculosis has received quite a lot of attention, in view of its recrudescence (Huo et al. 2010; Jung et al. 2002; Feng et al. 2002) . But also the more widespread flu has been considered (Andreasen et al. 1997; Chamchod and Britton 2012) . The rather general situation of multistrain epidemic models is investigated in Allen et al. (2004) . There are some instances in which both strains coexist in the host, and in this case one talks about coinfection models (Hochberg and Holt 1990) . Alternatively, it may happen that the most recently acquired disease replaces the older one. In such case, we are in the presence of the so-called superinfection phenomenon (Cai et al. 2007; Iannelli et al. 2005; Li et al. 2010) .
The presence of pathogens among interacting populations has been already considered two decades ago in several papers. In fact, it has been discovered that the sharing of an infectious agent between two unrelated populations may render them in fact competitors (Hudson and Greenman 1998) . But the possibility of coexistence in addition to exclusion in these situations has been also investigated (Greenman and Hudson 1999) . This is quite different from the common view of demographic competition due to limitations in food resources. In Holt and Pickering (1985) , conditions for the host exclusion have been elaborated in an epidemic model of SI type, where the infection is caused by a parasite. More elaborate models on this basis have later been derived, exhibiting direct competition between the infected populations (Anderson and May 1986) or accounting for density dependence (Begon and Bowers 1992; .
Population associations, whether they arise for mutual benefit or more generally for the survival of at least one at the expense of others, are common in nature. In fact, mathematical biology research received a great boost from the early works of Lokta and Volterra on predator-prey systems (Lotka 1925; Volterra 1926) . On the other hand, competition models in ecology are among the first ones investigated and still arise interest among researchers (Ackleh and Zhang 2009; Apreutesei et al. 2008; Castillo-Chavez et al. 1999; Waltman 1983) . In some cases, a competitor common to several populations may affect the ecosystem behavior (Holt and Lawton 1994) . They were also subject to in vitro experiments, recall the well-known Gause laboratory investigations to assess the growth rates of two bacteria populations, both when living independently as well as when they were kept in the same environment. In the last situation, Gause was able to determine also the rates at which the two populations compete for resources (Renshaw 1991) . His results contributed to support with field data the theoretical results on the logistic model and of competition systems.
The two fields of research described above, namely population theory and mathematical epidemiology, have almost independently progressed, until the 90s. Then, the first models accounting for diseases spreading by contact among interacting populations appeared, showing that the demographic equilibria of the systems under consideration were sensibly altered by the epidemics. A new branch of science was developed, named ecoepidemiology, see Chapter 7 of Malchow et al. (2008) for an account of its early days. In fact, ecoepidemiology studies dynamical systems describing populations interactions among which a disease spreads by contact. The underlying demographic subsystem can be of various types.
Recently, also in the framework of ecoepidemic models, the issue of multiple strains has been considered (Elena et al. 2011; 2013; Roman et al. 2011) . However, in all these papers, the latter has been investigated only for interactions of predator-prey type. It makes sense to extend the query to other commonly accepted systems. In this work, therefore, we aim at the investigation of competition models.
The paper is organized as follows. After presenting the model in the next section, some preliminary results are provided in section "Preliminary results". The system behavior at stable equilibria is considered in section "System behavior at steady states". Then, we infer some results at the ecological level, section "Ecological implications", including bistability phenomena, section "Bistability". The system's behavior in various parameter spaces is next examined, section "The behavior in the parameter space", before a discussion of the results obtained. The final section "Mathematical issues" contains the mathematical details.
The model
We introduce here a competition model between two populations in which two recoverable disease strains are present, affecting only one population. Also, there is no possibility for the individuals to become immune to the diseases. We further assume that the epidemics are transmitted only horizontally, the diseases are propagated by contact or by demographic interaction among individuals of the affected population. We assume that the two diseases affecting one population cannot be transmitted to the other one. Furthermore, we also assume that the two diseases do not interfere with each other, i.e., there is no coinfection nor superinfection. This means that at any given time one individual can carry at most one of the two diseases and in such case cannot be infected also by the other one, nor can the second disease replace the former. We also make the assumption that infected individuals do not reproduce and that they are too weak also to compete with the other population, but they feel their competitive pressure. The model is pictorially illustrated in Fig. 1 . We assumed that there are two populations: a healthy population P in which individuals are unaffected by the disease, and another population in which the disease spreads. The latter population has individuals that are either susceptible, S, while V and W denote respectively its sick individuals due to the first disease and those infected by the second strain.
In the first equation, we describe the dynamics of the disease-free population. It reproduces logistically and is subject to the negative influence of the competing population for resources, but only the influence of the healthy individuals of the second population is felt. The second equation contains the healthy second population: again, it reproduces logistically, but in view of the weakness of the diseased individuals, their presence is not accounted for in the intra-specific competition term. Instead, the competition with the first population represents a hindrance for the growth of the second one. Other population losses are due to the infection mechanism that drives some of their individuals into the two diseased classes, at different rates since the virulence of the two strains is different. Instead, recovered individuals migrate back from the infected classes to the healthy one, again at different rates, as the recovery periods for each strain differ. The last two equations are kind of symmetric and account for the behavior of infected individuals. They are recruited via successful contacts between a healthy individual and an infected one, and leave it either by recovery or by natural plus disease-related mortality. Finally, the pressure of the disease-free population and of the healthy individuals of the second population is felt also by these classes. In the model, Eq. 1, the parameter s denotes the reproduction rate of the first population, L its carrying capacity, a the damage inflicted by the susceptible of the second population to the first one, r the reproduction rate of the second population, K its carrying capacity, b the damage inflicted by the first population on the susceptible of the second one, λ the first disease contact rate, β the second disease incidence, ψ the first disease recovery rate, ϕ the second strain recovery rate, p the damage inflicted by the susceptible on the infected of the first disease, μ the natural plus first strain mortality rate, e the damage inflicted by the first population on the infected of the first disease, q the damage inflicted by the susceptible on the infected of the second disease, ν the natural plus second disease mortality rate, and f the damage inflicted by the first population on the infected of the second disease. We assume that all the above parameters are nonnegative. Note further that we make the assumptions λ > p and β > q because otherwise each infected population would then vanish, and the model would reduce to the classical competition model.
To study the stability of the equilibria, we need the Jacobian matrix of Eq. 1,
with
Preliminary results
The model is well posed, in the sense that the solution trajectories do not drift to infinity, as it is proven in section "Boundedness". Further, of the 16 possible equilibria of Eq. 1, only eight are viable. They are summarized in the following Table for easier later reference.
In view of the system's symmetry, evidently the equilibria E 5 and E 7 are the counterparts of equilibria E 4 and E 6 , and therefore will neither be analyzed nor discussed in detail. The derivation of the feasibility and stability results for the remaining ones is contained in section "Equilibria with endemic disease".
One major result is immediately apparent from the above Table. The coexistence equilibrium of all subpopulations is missing, i.e., the two strains cannot both survive, neither independently nor together with the remaining (sub)populations.
In fact, by solving for P from the first equation of Eq. 1 and substituting into the last two equations, we find that S has two different expressions, which of course must be equal, and lead to the following strict condition relating the parameter values
Evidently, even if this condition were satisfied, a minimal variation in the parameter values would make the coexistence equilibrium disappear.
System behavior at steady states
We now discuss the ecological interpretation of the findings that are analytically reported in section "Mathematical issues". The ecosystem cannot sustain both the diseaseunaffected population and the other one together with the two disease strains at the same time, as stated above. This may or may not be a worthwhile feature, depending on the point of view, being it the epidemiological or the biodiversity one. But, certainly, it is an interesting result. Further, the additional observation that the system is actually preserved under these assumptions, since the populations cannot all vanish at the same time, represents a positive result.
The results can be stated by introducing respectively the "reduced" disease-free competitor recruitment rate R P and the corresponding one for the disease-affected one, R S , and the "reduced loss rates" for the two strains, L V and L W as follows
The disease-free equilibria
The disease-free equilibria are represented by the survival of just the disease-unaffected population P , at carrying capacity L, equilibrium E 1 (see section "Only the diseaseunaffected population survives"), which is stably achieved if and only if this carrying capacity is large enough,
or by only the susceptible S of the disease-affected population, E 2 . Again, they attain their stable carrying capacity K, if it lies within a suitable window, see Eq. 15,
Coexistence in a disease-free environment
Coexistence of the two healthy populations can also occur, E 3 . In this case, the population values settle respectively to
and for feasibility we must require upper bounds on both the carrying capacities
because, comparing Eq. 16 and the discussion after it, only this alternative possibly ensures also stability, if
One-strain endemic equilibrium
The disease-affected population survives alone with just one strain at the equilibrium E 4 with population levels
Feasibility is achieved if the "reduced" loss rate is low enough,
and it is stable if the "reduced" loss rate lies in a suitable interval,
Coexistence of one strain and healthy populations Finally, we can find the two populations thriving, together with one disease strain, E 6 . This is very similar to the ecoepidemic situation studied in Venturino (2001) . We just report the population levels
the feasibility conditions
and the stability conditions
Here,
Evidently, when Eq. 13 becomes an equality, a Hopf bifurcation arises, as shown in the simulations.
Ecological implications
We address now a few questions that are of ecological interest.
The healthy population-only equilibrium E 1 is unaffected by the disease presence or absence. In fact, its stability condition requires only a corresponding large enough carrying capacity in the two-strain model, Eq. 4, as well as in the disease-free system, see section "The diseases-free system".
For the population that is affected by the diseases, its healthy individuals can survive alone in the environment if Eq. 5 is satisfied. But in the disease-free environment, they have a better chance, as the second condition in Eq. 5 would disappear, see equilibrium Q 2 in the section "The diseases-free system", and no upper limit on their population size K must be imposed. L=1.5, b=0.25, e=6, f=7, r=1.5, K=1.3, a=0.8, p=0.3, q=0.7, ψ=0.3, μ=0.2, φ=0.7, ν=0.5 L=1.5, b=0.25, e=6, f=7, r=1.5, K=1.3, a=0.8, p=0.3, q=0.7, ψ=0.3, μ=0.2, φ=0.7, ν=0.5 
The origin is the red dot on the front of the figure, the green point on the left of the surface is equilibrium E 6 , the blue point on the axis on the right of the surface is equilibrium E 1 , the black point on the surface is the saddle E 3
The equilibrium in which the two competitors coexist, E 3 has the same population values in both Eq. 1 and in the purely demographic subsystem Q 3 , see section "The diseases-free system". Whenever both feasibility conditions (7) are satisfied, in the disease-free environment, this equilibrium is stable, section "The diseases-free system". But this may not be enough in the presence of the epidemics, compare the stability conditions for E 3 , Eq. 8. Large "reduced" disease incidences λ − p and β − q make the right hand side smaller because they reduce L V and L W and further appear in the denominator, thereby decreasing the fractions on the right. They thus reduce the chance for stability.
If we compare the endemic equilibrium of the diseaseunaffected population-free model E 4 , see section "The competitor-free two-strain model", with the corresponding equilibrium E 4 of Eq. 1, we observe that no changes occur either in the population values or in the feasibility condition.
But stability of E 4 is affected by the presence of the diseaseunaffected competitor, see the left inequality in Eq. 10. A higher competitor's reduced loss rate favors instability of this equilibrium.
To assess the conditions for which one strain is stronger than the other one, we present the picture of the steady states of the system (1) in the β − λ parameter space, Fig. 2 . It transpires that no oscillations are present. There is a transcritical bifurcation for which V and W exclude each other. Its location follows a curve in the parameter space, for which apparently the strain V seems to be stronger, in that the portion of the domain in the parameter space for which it outcompetes W appears to be larger.
Observing that the stability of the S population-only equilibrium E 2 depends on the disease parameters, Eq. 5, clearly the fact that the S population outcompetes the P population in the purely demographic setting may be lost .5, b=0.25, e=6, f=7, r=1.5, a=0.8, p=0.3, q=0.7, λ=15, ψ=0.3, μ=0.2, φ=0.7, ν=0 .5, β=18 .5, b=0.25, e=6, f=7, r=1.5, a=0.8, p=0.3, q=0.7, λ=15, ψ=0.3, μ=0.2, φ=0.7, ν=0 .5, β=18 .5, b=0.25, e=6, f=7, r=1.5, a=0.8, p=0.3, q=0.7, λ=15, ψ=0.3, μ=0.2, φ=0.7, ν=0.5 if S is affected by the disease, as the right bound in Eq. 5 may be violated. If L V is low enough, then the disease enters endemically in the system, at equilibrium E 4 , Eq. 10; when it is even smaller the competitor also thrives, together with the diseased populations at E 6 , Eq. 11, or possibly even outcompeting the other population, at equilibrium E 1 . But in this case condition, Eq. 4 shows that this occurs for demographic reasons. In general, however, the presence .5, b=0.25, e=6, f=7, r=1.5, K=1.3, a=0.8, p=0.3, q=0.7, ψ=0.3, μ=0.2, φ=0.7, ν=0.5 .5, b=0.25, e=6, f=7, r=1.5, K=1.3, a=0.8, p=0.3, q=0.7, ψ=0.3, μ=0.2, φ=0.7, ν=0.5, β=18 λ W Fig. 6 In the s − λ parameter space, the transcritical bifurcation for which the V disease strain excludes the other one when the disease incidence λ of the first strain becomes large enough. Is shown left to right and top to bottom: the (sub)populations P , S, V , W of the disease represents a competitive advantage for population P .
Bistability
Bistability is achieved for the following set of parameters
Taking the initial condition as (0.0, 1.8, 0.1, 0.1), we obtain the healthy population-free equilibrium with endemic second strain disease E 4 = (0, S 4 , V 4 , 0) = (0, 1.1667, 0.5518, 0.0000), while taking the point (1.7, 0.8, 0.1, 0.1) we find the diseased population-free equilibrium E 1 = (P 1 , 0, 0, 0) = (1.5, 0, 0, 0). Taking the initial condition as (0.1, 1.8, 0.1, 0.1), we obtain the one-strain ecoepidemic E 6 = (P 6 , S 6 , V 6 , 0) = (0.1361, 1.2118, 0.3375, 0) equilibrium.
In the three-dimensional P − S − V phase space projection of the four dimensional phase space P − S − V − W , it appears valuable here to explicitly assess the surface separating the basins of attractions of these two equilibria. This is achieved via an algorithm described in Cavoretto et al. (2014) , see Fig. 3 . The parameters used are s = 0.3, L = 1.5, p = 0, r = 0.7, K = 3, λ = 0.6, ψ = 0.8, μ = 0.3, a = 0.2, b = 0.5, e = 0.2.
In this context, an investigation of the basins of attraction as function of the system's parameters values would be interesting. But in view of the fact that this is a speculative model, for which we use purely hypothetical parameter values, we do not perform this study, postponing it to a specific ecological situation. We rather address here the model behavior in the parameter space. 
The behavior in the parameter space
Among the several behaviors that can occur, in the parameter space we have investigated various situations for selected parameter pairs, trying to assess the system's outcomes for different parameter combinations. In general, we have coupled parameters related to the disease-unaffected population with those of the other one. We fixed the parameter values to the following reference values, of which of course the pairs considered in each case must be excluded
We observe that in the s − μ, s − r, s − p, s − ψ cases, a steady state is reached, as shown in Fig. 4 . The populations P , S, and V attain the plateau independently of the value of μ (or, more in general, of the second parameter). The W population is wiped out. In the s − r case, however, the population V increases linearly in r, almost independently of s. Note that in this one and all the remaining pictures, we show the surface relative to each population: it gives the largest and lowest values attained by each population in case of persistent oscillations, otherwise it gives the level of its steady state.
In the s − K case instead, the coexistence of P , S, and V , after a peak for low values of s, is replaced by coexistence with much lower values of the S and V populations, Fig. 5 .
In the s − b case instead, the population P outcompetes all the other ones, settling at a steady state. In this domain, there is coexistence of P , S and V . In the dark shaded domain instead, we find the disease-free coexistence equilibrium. In the narrow wedge on the bottom right, only the P population survives
In the s − λ and s − e parameter spaces, while all subpopulations tend to a steady state, a transcritical bifurcation is seen to arise, for which the two disease strains V and W mutually exclude each other, depending on whether λ crosses a threshold value located at about λ ≈ 20, independently of the value of s, see Fig. 6 . However, the equilibrium value for S depends on which strain actually survives in the system's behavior, while the equilibrium value P does not seem to be much affected by the transcrical bifurcation. S settles at a much lower equilibrium value for a high λ, i.e., across the transcritical bifurcation line. Note also that for the s − e case, the transcritical bifurcation is reversed, W replaces V when the parameter e increases past a critical value.
The pictures for the P population in all the following parameter spaces look very similar:
namely a linear increase in the equilibrium value whenever L increases, independently of the value of the other parameter. Note that in the L − b case, the remaining populations are all wiped out. The S population shows an increase followed by a decline leading to extinction as a function of an increasing L, again irrespective of the other parameter value. The V 's are instead wiped out always, except in the L − λ parameter space, where they exhibit a transcritical bifurcation with the population W . The latter in the remaining cases shows a sharp decline with L, again irrespective of the remaining parameter values. As an example, we provide an illustration for the latter case, Fig. 7 .
The case L − r instead shows disappearance of the second strain W together with a different behavior of the S population, which raises up to attain a plateau for moderate values of both parameters, Fig. 8 . Here, we have the disease-free equilibrium. But for lower values of L, L=1.5, b=0.25, f=7, r=1.5, K=1.3, p=0.3, q=0.7, λ=15, ψ=0.3, μ=0.2, φ=0.7, ν=0.5 L=1.5, b=0.25, f=7, r=1.5, K=1.3, p=0.3, q=0.7, λ=15, ψ=0.3, μ=0.2, φ=0.7, ν=0.5, β=18 e W Fig. 9 In the a − e parameter space, the bifurcation between the limit cycles involving V and W is shown to take place along a curve in the parameter space independently of r, there is the endemic V strain equilibrium. In a narrow wedge, for low values of s, we find instead that P outcompetes the disease-affected population.
In the a − b parameter space, the P population attains the same stable level for all parameter values, wiping out all other populations, except for a very narrow stripe near the a axis, i.e., for very small values of b, where coexistence with S and V occurs.
A different behavior is found in the a −r parameter space by the diseased populations. A narrow range of limit cycles appears for small values of r in the P , S, and V populations. They decay with higher values of a to a stable equilibrium. Then for higher values of r, a stable coexistence of these three populations is reached, with P and S values declining for larger values of a, independently of r. Instead, after a short transient, V increases linearly also with increasing values of both parameters a and r. The W population is wiped out.
In the a − e case, we find that the transcritical bifurcation occurs on a line that depends on both parameters, see the plots of V and W in Fig. 9 . In the a − μ, a − ψ, and a − K cases, the behavior is similar to the a − p case, which we now illustrate. The results are functions of a, independently of the remaining parameter. For small a, there is a stable equilibrium involving three populations, P , S, and V , for very small values of p, or W for larger ones. This equilibrium undergoes a Hopf bifurcation for larger values of a, giving rise to persistent population oscillations with growing amplitudes up to a largest value for a ≈ 5. Then a decline starts, until the cycles collapse into a new stable equilibrium. The cycles have different amplitudes in the P and S populations when respectively they L=1.5, b=0.25, e=6, f=7, r=1.5, K=1.3, p=0.3, q=0.7, ψ=0.3, μ=0.2, φ=0.7, ν=0.5 L=1.5, b=0.25, e=6, f=7, r=1.5, K=1.3, p=0.3, q=0.7, ψ=0.3, μ=0.2, φ=0.7, ν=0.5, β=18 λ W Fig. 10 In the a − λ parameter space, persistent oscillations of the subpopulations P , S, W are replaced by persistent oscillations of P , S, and V as λ increasing crosses a critical value located around λ ≈ 20.
Note that when this threshold value is crossed, also the limit cycles change in the populations: S more markedly and P less so. Left to right and top to bottom: the (sub)populations P , S, V , W . coexist with the W and the V strains, respectively. The picture is somewhat similar to the one of Fig. 10 and therefore omitted.
A more dramatic visualization of the bifurcation between persistent oscillations involving P , S, and either one of the two strains V and W is shown in Fig. 10 in the a − λ parameter space. The strain V replaces W whenever λ increases past a threshold located around λ ≈ 20. Note also that when this threshold value is crossed, the limit cycles present in the populations change too: in S more markedly and in P less so. As a function of a, the steady state is replaced by the limit cycles when a increases past the value 5. Then the size of the oscillations grows to reach a maximum for a ≈ 8. Afterwards, they decrease and vanish at around a ≈ 15 and are then replaced once again by equilibrium values.
Conclusions
In this work, we presented a competition model between two populations characterized by two disease strains affecting only one of them. In particular this investigation differs in the underlying demographics model from the systems considered in Elena et al. (2011 Elena et al. ( , 2013 in that the latter papers consider predator-prey models, with diseases in the prey, and from Roman et al. (2011) , where the two epidemics affect the predators.
The model analysis indicates that its trajectories are ultimately bounded. It further states the presence of just seven possible equilibrium points, since the system's collapse is shown to be impossible. The rather surprising result is that no equilibrium allows coexistence of all the four subpopulations. This parallels the results of the other former predator-prey ecoepidemic model investigations, both in the case of the disease affecting the prey (Elena et al. 2011; 2013) , as well as the predators (Roman et al. 2011) .
The transcritical bifurcations found for the classical epidemic model, see section "The one disease epidemic model", have also counterparts in the ecoepidemic system. Indeed, from the demographic side, E 3 emanates from both E 1 and E 2 if respectively their stability conditions cease to hold. In the same way behave the equilibria of the purely demographic model Q k , k = 1, 2, 3, see section "The diseases-free system".
These considerations hold also from the epidemiological point of view. From equilibrium E 2 , we can see that E 4 emanates, as it occurs for Q 1 and Q * . Compare indeed the stability conditions for the former Eq. 5 with the feasibility conditions of the latter Eq. 9.
But in the case of Eq. 1, there is a further situation, for which transcritical bifurcations arise between E 4 and E 6 , when also the first population establishes itself in the ecosystem. Indeed, compare the first inequality in Eq. 10 with the first one in Eq. 11.
Evidently, from the ecological point of view of biodiversity and for epidemiological considerations, the best equilibrium that the system can achieve is the coexistence of the two healthy populations, E 3 . In a pure competition model in general one knows that the principle of competitive exclusion holds, but coexistence Q 3 is nevertheless also possible. We have found that the same occurs also in the two-strain ecoepidemic model. Indeed, for the parameters s = 0.4, L = 0.5, a = 0.3, r = 0.7, K = 1, b = 0.7, λ = 0.7, β = 0.2, ψ = 0.2, ϕ = 0.7, μ = 0.5, ν = 0.9, e = 0.2, f = 0.2, satisfying Eq. 7, E 3 is achieved. However, also conditions Eqs. 4 and 5 can clearly both hold for one set of parameter values, in view of the large degrees of freedom available. This indicates bistability among E 1 and E 2 , i.e., the mutual exclusion of the two healthy populations in a disease-free environment.
In order to establish the ecological impact of the disease, we compare the stability conditions of equilibria in the ecoepidemic model with their counterparts in the disease-free purely demographic model.
Stability of the equilibrium E 1 with only the diseaseunaffected population and its demographic counterpart Q 1 coincide, see the section "The diseases-free system" for the latter. The stability of the healthy-individuals-only of the infected population equilibrium, E 2 , depends instead on more conditions than the same equilibrium in the diseasefree model, Q 2 . These additional conditions involve the epidemics parameters. Therefore, the competitive exclusion principle does not immediately transfer to the ecoepidemic situation, in that E 1 coexists with equilibria other than E 2 , as shown by the bistability examples provided. These other equilibrium points contain endemically one of the disease strains.
The occurrence of several possible bistability situations with radically differing mutually exclusive equilibria stresses the importance of the accurate assessment of their basins of attraction. We have provided a step in that direction, with the accurate numerical determination of the separatrix surface using a novel algorithm explicitly designed for this purpose.
In summary, as it happens for the now standard ecoepidemic models examined usually in the literature, in the case of food chains as well, the diseases affect heavily the dynamics of the underlying demographic systems. They must therefore be included in the modeling efforts of theoretical ecologists, in order to arrive at a more accurate description of the natural situations that are being investigated and thus eventually obtain more reliable results for the policies to be employed in the ecosystems management.
Mathematical issues

Boundedness
Theorem 1
The solution trajectories of the model Eq. 1 are bounded.
Proof From the model, it is easy to show that:
Thus, we assume P L, S K. Defining the total environmental population (t) = P +S +V +W , we obtain
Let H := (a +b)P S +eP V +f P W +pV S +qW S ( 0 ). We can make the following consideration for all positive ε
where C := sL + εL + rK + εK is a positive constant. Let ε 0 := min{μ, ν}. For all ε such that 0 < ε < ε 0 we obtain
for some suitable constant M. We have thus shown that the system trajectories are bounded and cannot go to infinity.
Ecosystem preservation
It is immediate to observe that the origin is a trivial solution of the system Eq. 1. The eigenvalues of the Jacobian matrix evaluated at the origin are λ 1 = s > 0, λ 2 = r > 0, λ 3 = −(ψ + μ) < 0, and λ 4 = −(ϕ + ν) < 0. Therefore, the equilibrium E 0 is a saddle and so it is unstable. Thus, under our assumptions, the system will never be wiped out.
Only the disease-unaffected population survives
The population unaffected by the disease settles at the environment's carrying capacity level, P 1 = L, while the other one is completely wiped out. The eigenvalues of the Jacobian matrix evaluated at the equilibrium are λ 1 = −s < 0,
The stability of the equilibrium depends only on the sign of the eigenvalue λ 4 . The first population survives and settles to its carrying capacity if and only if condition (4) holds. If this condition is not satisfied, E 1 is a saddle.
Only the healthy individuals of the diseased population thrive
Here, it is the disease-affected population that settles at carrying capacity, S 2 = K, while the disease is eradicated, and also the competitor gets extinguished. The eigenvalues of the Jacobian are
Stability depends on the sign of the eigenvalues λ 2 , λ 3 , λ 4 , which reduce to conditions
thereby, once rewritten in terms of R P , L V , and L W , providing (5). If they are not satisfied, E 2 is a saddle.
The populations levels at this equilibrium are given by Eq. 6. The equilibrium is feasible if both its populations are nonnegative. This leads to one of the two alternative conditions (7) and
Two eigenvalues of Eq. 2 at the equilibrium can be explicitly obtained, providing conditions (8) , while the other two are roots of a quadratic, whose Routh-Hurwitz conditions for stability require the following inequalities to be satisfied: sL −1 P 3 + rK −1 S 3 > 0 which holds always, and
This last inequality follows from the feasibility conditions Eq. 7, while Eq. 16 would give instead instability. Thus, E 3 is stable only if Eq. 8 holds.
Equilibria with endemic disease
One strain endemic equilibrium
In view of the complete symmetry of the model, we concentrate on the case of the first strain endemic equilibrium, since for the second one analogous results would hold. This is a standard SIS epidemic model, of which we briefly summarize the results in what follows.
The feasibility conditions for E 4 are easily seen to be Eq. 9 ensuring nonnegativity of the population levels. We obtain two explicit eigenvalues s − aS 4 and (β − q)S 4 − (ν + ϕ) while the remaining ones are roots of a quadratic, for which the Routh-Hurwitz conditions hold always, since they reduce to
and the latter becomes λμ + pψ > 0. Negativity of the first two eigenvalues gives then conditions Eq. 10.
Coexistence of one strain and healthy populations.
In this case, the model reduces to a particular case of a known ecoepidemic model (Venturino 2001) . For the convenience of the reader, we provide here the basic results of its analysis. For feasibility, we need the population P and V to be nonnegative, giving immediately conditions (11). Note that the reverse of the last two conditions (11) also ensure V ≥ 0, but these inequalities upon expansion would lead to
which is easily seen to be impossible, since it gives
One eigenvalue is immediate, providing the first stability condition (12). Two of the Routh-Hurwitz conditions of the remaining minor J 3 (E 6 ) of order 3 in this case are easily seen to hold, namely −tr (J 3 (E 6 )) = s L P 6 + r K S 6 + ψ S 6 V 6 > 0, − det (J 3 (E 6 )) = (ψ − λS 6 ) P 6 V 6 ae + (λ − p) s L > 0, the latter stemming from the second feasibility condition (11). The last condition, −tr (J 3 (E 6 )) M 2 (J 3 (E 6 )) > − det (J 3 (E 6 )), where M 2 (J 3 (E 6 )) denotes the sum of the principal minors of J 3 (E 6 ), instead provides the second stability requirement (12).
Analysis of the particular cases
The diseases-free system
In this section, we study the behavior of the demographic competition model underlying the ecoepidemic system, to compare the results with those previously obtained, so as to highlight the effect of the diseases. Omitting the epidemics, the model is reduced to dP dt = s 1 − P L P −aP S, dS dt = r 1 − S K S−bP S, whose equilibria are Q 0 = (0, 0), Q 1 = (L, 0), Q 2 = (0, K) and Q 3 ≡ (P 3 , S 3 ), feasible for Eqs. 16 or 7, as for E 3 of which Q 3 represents the projection onto the S − P phase subspace. The Jacobian J is ⎛
It is immediately seen that the origin is unstable, given that its eigenvalues are s and r. At Q 1 , which is the projection onto the demographic phase plane of E 1 , we find instead −s and r −bL, so that the stability of the equilibrium hinges on the very same condition (4) for E 1 .
For Q 2 , which coincides with the nontrivial part of E 2 , we have −r and s − aK, so that stability is ensured by the first inequality in the stability conditions for E 2 , Eq. 5.
The Routh-Hurwitz conditions for stability evaluated at Q 3 give −tr( J ) = s L P 3 + r K S 3 > 0 which is clearly satisfied, and det( J ) = abS 3 P 3 LK (R P R S − KL) > 0.
This condition is clearly incompatible with Eq. 16, i.e., with the first inequality in the stability conditions for E 2 , Eq. 5, as well as Eq. 4. Therefore, whenever the mutually exclusive equilibria Q 1 and Q 2 are both stable, Q 3 is unstable and vice versa. Thus, from these remarks and comparing Eq. 7 with Eqs. 5 and 4, it is easily observed that there are transcritical bifurcations for which Q 3 can emanate from both Q 1 and Q 2 whenever their respective stability conditions fail.
The one disease epidemic model
Omitting the W strain, it is easily seen that the equilibria of the subsystem of Eq. 1 in which P and W are absent are the origin, which is unstable, the disease-free point Q 1 ≡ (K, 0), which is stable when the second inequality in Eq. 5 is satisfied, and the endemic equilibrium Q * ≡ (S * , V * ) ≡ (S 4 , V 4 ). The latter is feasible when Eq. 9 holds. In view of these conditions, there is a transcritical bifurcation when both the second inequalities in Eqs. 5 and 9 become equalities. Then, the equilibrium containing the infected subpopulation emanates from the disease-free equilibrium and the disease establishes itself endemically in the system.
The competitor-free two-strain model
This special case is obtained by removing the P equation and terms containing P from Eq. 1. The reduced system allows only four equilibria, of which the origin is unconditionally unstable. The disease-free equilibrium E 2 = (K, 0, 0) is stable when both these conditions hold
which coincide with the right inequality in Eq. 5. There are two one-strain endemic equilibria, of one of which we report the basic results. Namely for the first one we find E 4 = ( S 4 , V 4 , 0) ≡ (S 4 , V 4 , 0), with the very same feasibility condition (9). There is a transcritical bifurcation for which E 4 originates from E 2 when the first condition in Eq. 17 becomes an equality. Stability of E 4 is ensured by
which is the right inequality in Eq. 10. Similar results hold for E 5 . Again, the two strains cannot coexist, unless the parameters satisfy
comparing Eq. 18 with its counterpart for E 5 we find that the strain that outcompetes the other one has a lower reduced loss rate, namely we have equilibrium E 4 whenever L V < L W and E 5 conversely.
